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In this paper we calculate the magnetic and electric self-forces, 
induced by the conical structure of a cosmic string space-time, on a 
long straight wire which presents either a constant current or a linear 
charge density. We also show how these self-forces are related by a 
Lorentz tranformation and, in this way, explain what two different 
inertial observers detect in their respective frames. 
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It is well known that the space-time produced by a thin, infinite, straight 
cosmic string, has no Newtonian potential [1] and cannot induce curvature 
(locally the curvature vanishes everywhere except at the source). How- 
ever, there are some global non-trivial topological effects associated with 
this space-time which can be measured [2]. 

Recently, Linet [3] and Smith [4] have shown that a charged point particle 
placed in a static space-time, produced by an infinite straight cosmic string, 
becomes subjected to a finite repulsive electric self-force. This phenomenon 
is a consenquence of the distortion in the particle field caused by the lack of 
global flatness of this space-time. 

The purpose of this paper is to investigate how the self-force phenomenon 
manisfests in the magnetic case; i.e., we study what happens either to an 
electric current or to a linear charge distribution in the conical space-time 
produced by a cosmic string. Furthermore, we show that the respective self- 
forces are related by a Lorentz transformation (a boost along the direction 
of the string). In order to analyse this problem we shall adopt, for simplic- 
ity only, the case where the magnetic and electric sources are both infinite 
straight wires parallel to the cosmic string, which we assume lies along the 
z-axis. Before we start our calculation, we add that the analysis presented 
here can also be applied to some elastic solids which present a specific kind of 
linear defects named disclinations [5]. As shown by Katanaev and Volovich 
[6], the change in the topology of the elastic medium produced by this linear 
defect is the same as the one produced by a cosmic string in Minkowski space- 
time. This similarity goes beyond topology: for some applications both kinds 
of defects can be treated using the same geometrical approach; i.e., their sur- 
rounding space-time can be described by similar geometrical points of view. 
In this approach, the line element in the section z=t=constant, is given by 

d? (2) = dr 2 + r 2 d6 2 , (1) 
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where r > and < 6 < 2na, being a — 1/p a parameter related to the 
linear mass density /j, of the cosmic string by a = 1 — 4/iG/c 2 . For an elastic 
solid a = 1 + A/27T, where A is the angle which defines the wedge [7] For 
the cosmic string, a is smaller than 1. For disclinations, however, it can also 
assume values greater than 1, which correspond to an anti-conical space-time 
with negative curvature. 

Before going on into the calculations let us say a few words concerning 
the motivation to study this problem. Certainly, the understanding of the 
interaction between currents and a topological defect, such as a cosmic string, 
can give us some informations on the behavior of a superconducting string 
[8] in the space-time of the defect. Also, at a low energy level, it may be 
useful in the study of electromagnetic properties of disclinated media [5,9]. 

Now, after this brief introduction about our problem, let us first analyse 
the easiest case of a linear charge distribution parallel to the string. 

The electrostatic potential energy for an arbitrary charge distribution is: 



where p{r) is the charge density and $(f) the scalar potential. Because we 
are interested in studying the problem of the electrostatic self-energy for a 
constant linear charge density parallel to the string, the Maxwell equation 
for the scalar potential 



reduces to a two-dimensional one. In this case, we can write the electrostatic 
potential energy per unit length as 




(2) 



V 2 $(f) = -4vrp(f), 



(3) 
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The analogue magnetic expression for the linear energy density can be 
writen for the particular configuration where the constant current is also 
paralell to the topological defect. For this situation we have 



U, 



Mag 



±JJ d 2 rd\'(J(f) ■ J(f'))G^(f,f'). (5) 
(In the derivation of (5), we assumed that the vector potential A associated 

— * — * — * 

with the magnetic field B is in the Coulomb gauge; i. e., V • A — 0). 

Now, by using equations (4) and (5), we obtain the linear self-energy den- 
sities, admiting for the electric and magnetic sources the expressions below: 

p(f) = A ^-ro)g(6>-flo) = X5{2) 
r 

and 

J{r)=JoZ = j z5 ( >(r -r ), (7) 

which correspond to the physical situations that we have explained above. 

Substituting (6) into (4), and (7) into (5), we get the following linear 
self-energy densities 

^f = l/2\^\f ,f )\ Ren (8) 

and 

^ = ± 2 G?\r ,r )\ Ren . (9) 

In order to obtain a finite result for the linear self-energy densities given 
above, in the evaluation of the Green's function we adopt a renormalization 
procedure to extract its irregular part, as indicated in our notation. On 
the other hand, we have to be sure that no self-energy survives in the ab- 
sence of the topological defect. So, we subtract from the Green's function 
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its Minkowski space-time correspondent and only then take the coincidence 
limit. In this way, we have 



Gj(f ,r )Uen = Jim[Gf (f,f ) - G?\r,r Q )]. 



(10) 



As we shall see, this procedure gives us a well-defined expression for equations 
(8) and (9). Now, all that we have to do, is to obtain the conical geome- 
try two-dimensional Green's function, G^\f,f'), solution of the differential 
equation 



V( 2) G* 2) (f,r") = -An5 {2 \r- r'). 



(11) 



r,r 



two-dimensional Laplacian operator, V? 2 ), in cylindrical coordinates reads 



in the angular variables, presents periodicity 2na, whereas the 



(2) 



-d r rd r + —d 2 e . 



(12) 



For equation (11), we otained the two-dimensional Green's function 



Gf (f, r ') = - In [r 2p + r f2p - 2(rr') p cos p(9 - 6') 



(13) 



which, as we can see, presents in both angular variables a periodicity 2na 
and reduces to the standard two-dimensional Green's function for the p = 1 
case [10]. 

At this point, we are in position to obtain the electric and magnetic linear 
self-energy densities by calculating G^\f , f )\ Ren from (10): 



Gf\f ,f Q )\ Ren = - lim In 



„2p 



+ rl p - 2(rr ) p cos p{6 - 6 
r 2 + Tq — 2rr cos(# — # ) 



(14) 



This limit can be obtained, independently, by two distinct ways:(i) taking 
r = r and 6 — > 9 , or (ii) 9 = 9 and r — > r . In both cases we get 
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Gf (f ,f )Uen = -2[lnp+ (p- l)lnr ], (15) 

which is well defined at the point r 7^ and vanishes for p = 1; i.e., in the 
absence of the topological defect. 

For the linear self-energy densities we get 



^ = -A 2 [lnp+(p-l)lnr ] (16) 



and 



^ = -f[lnp+(p-l)lnr ]. (17) 

The electrostatic self-force on the linear charge distribution, induced by 
the lack of flatness of this conical two-geometry, can be obtained by taking 
the negative gradient of (16). Doing this, we get 



'Ele 



which is a repulsive force for p > 1, in agreement with previous results [3,4] 
for a charged point particle placed in this conical space-time. 

The magnetostatic self-force cannot be obtained from the linear self- 
energy in this way and, for this reason, we adopt another procedure. (We 
shall discuss the magnetostatic self-force in an energetic context at the end of 
this paper.). The magnetostatic forces on an arbitrary distribution of electric 
current densities, can be obtained by the following expression: 



Mag 



^-Jd 3 rJ(r)xB{f), (19) 



where the magnetic field B(r) — V x A{f). The vector potential, A(r), for a 
straight wire carrying a constant current can be expressed, in the Coulomb 
gauge, by 
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1(f) = 1 J d 2 rG^(f, f')J{f'). (20) 

Substituting (20) into (19), and after a few steps, we get the magnetic 
self-force per unit length 



'Mag 

~T~ ~ C 



- 2 J J d 2 rd 2 r'(J(r) ■ J(f'))VG^(f,f'). (21) 

Finally, the expression for the linear magnetic self-force density can be found 
by substituting the current density, J{r) given by (7), into (21) yielding 

^ = |vGf(f ,f )| fien . (22) 

Again, in order to obtain a finite well-defined expression for (22) we have, 
as mentioned in our notation, to adopt a renormalization procedure similar 
to the previous one: 

VGf (f ,r )kn = lim V[Gf (f,f ) - G?(f,f )}. (23) 

j — >ro 

In calculating (28), we have to take first the derivative and then the 
coincidence limit. Once again, the coincidence limit can be taken by two 
different ways as explained before. In both caes, we get for (28) the same 
result 

VGf (ro,f )| Ren = -^^f. (24) 

r o 

Leading, consequently, to 

E^l = Jl^lr, (25) 
which is attractive for p > 1. 
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A particular point which we decided to investigate is how, from the pre- 
vious expressions for the electric case, we can obtain the magnetotastic self- 
force by a Lorentz transformation. In other words, we want to investigate 
what two different inertial observers detect as the self-force of a linear charge 
distribution, when one of them is moving parallel to the distribution with 
velocity v = cf3 and the other one is at rest. In order to answer this question 
we should take an appropriate Lorentz transformation: a boost of the charge 
distribution along the z-direction with coefficients a® = —7 and a® = — /?7, 
where 7 = (1 — f3 2 ) 1 ^ 2 . Taking this transformation, we get for the moving 
observer, besides an electric charge distribution, an electric current density. 
Hence, this observer will detect an electric and a magnetic self-force, respec- 
tively given by 



I (1 - I3 2 )r 



and 



F' Mag _ ( P -l)\ 2 f3 2 
Therefore, the total (Lorentz) self-force detected by this observer is 

in complete agreement with the previous result given by Eq. (18), when the 
observer is at rest in the original coordinate frame. 

Before we finish this paper we would like to make a few comments about 
our most important results for the conical two-geometry with positive curva- 
ture; i.e., p > 1: as we have shown, the induced electrostatic self-force on a 
linear charge density is repulsive, in contrast with the magnetic self-force on 
the electric constant current, which is attractive. Although we have obtained 
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these results in an analytic way, we could also obtain a similar conclusion us- 
ing the image method, which is only applied for integer p. (See Ref. [4].) We 
can also understand these self-forces by an energetic analysis: using Eqs.(16) 
and (17), we can see that, although there may exist an arbitrary energy back- 
ground, which we did not consider, the linear self-energy density decreases 
as ro goes to infinity. For this reason, the electrostatic self-force is repulsive. 
However, for the magnetostatic case, the self-force cannot be expressed as 
the negative gradient of the self-energy. In fact, we found that the self-force 
is the positive gradient of the self-energy. This is not a fortuitous coinci- 
dence: the explanation lies in the derivation of the conservation of energy for 
a rigid circuit subjected to a virtual displacement df, under the influence of 
the magnetic forces acting on it, keeping all the currents constant. For this 
case, taking into account the work performed by external sources against the 
induced electromotive forces, the change in the magnetic energy is given by 
dU = F.df (this subject is exhaustively discussed in Ref. [11]). Considering 
these facts in our analysis, and according to Faraday's law, it follows that 
the magnetostatic self-force is expressed as 



As we can see, the sign in front of the gradient operator in Eq. (29) is 
positive, producing the same result obtained before in the explit calculation 
(see Eq.(25)). 

With the calculations that we have done involving the self-force on a 
constant current parallel to an infinite, straight cosmic string, we complete 
the analysis of the self-forces on electromagnetic sources initiated by DeWitt 
and DeWitt [12] in 1964. We believe that the results here presented can be 
of help in understanding the behavior of a superconducting string [8] in the 
background space-time of a cosmic string and the electromagnetic properties 
of disclinated media [5,9]. 




(29) 
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